It is proved that every two-dimensional residual Galois representation of the absolute Galois group of an arbitrary number field lifts to a characteristic zero p-adic representation, if local lifting problems at places above p are unobstructed.
Introduction
Let k be a finite field of characteristic p ≥ 3. Let K be a number field of finite degree over Q and G K its absolute Galois group Gal(K/K). We consider continuous representationsρ
The central question that we study in this paper is the existence of a lift ofρ to W (k), the ring of Witt vectors of k. This question has been motivated by a conjecture of Serre ([S1] ), that is, all odd absolutely irreducible continuous representationsρ : G Q → GL 2 (k) are modular of prescribed weight, level and character. This predicts the existence of a lift to characteristic zero. This conjecture was proved by Khare and Wintenberger in [KW1, KW2] . In [K] , Khare proved the existence of lifts to W (k) for anyρ : G K → GL 2 (k) which are reducible. Ramakrishna proved under very general conditions onρ that there exist lifts to W (k) for K = Q in [R1,R2] . Gee's results ( [G] ) imply that there exist lifts to W (k) for p ≥ 5 and K satisfying [K(µ p ) : K] ≥ 3, where µ p is the group of p-th roots of unity. Böckle and Khare have proved the general n-dimensional case for function field in [BK] . In this paper, we extend Theorem 1 of [R1] to arbitrary number fields. In particular, we will omit the condition [K(µ p ) : K] ≥ 3. Hence we can take the field K to be Q(µ p ) + , the totally real subfield of Q(µ p ).
For a place v of K, let K v be the completion of K at v, and let G v be its absolute Galois group Gal(K v /K v ). Let Ad 0ρ be the set of all trace zero two-by-two matrices over k with Galois action throughρ by conjugation. Our main result is the following:
Theorem. Let K be a number field, and letρ : G K → GL 2 (k) be a continuous representation with coefficients in a finite field k of characteristic p ≥ 7. Assume that H 2 (G v , Ad 0ρ ) = 0 for each places v | p. Thenρ lifts to a continuous
which is unramified outside a finite set of places of K.
Our method used in the proof is essentially that of Ramakrishna [R1,R2] . In this paper, we follow the more axiomatic treatment presented in [T] . In Section 2, we recall a criterion of Ramakrishna [R2] and Taylor [T] for lifting problems. In Section 3, we define good local lifting problems at certain unramified places and ramified places not dividing p, which will be used in Section 4. In Section 4, we prove Theorem by using the criterion in Section 2 and local lifting problems in Section 3.
Throughout this paper, we assume that p is a prime ≥ 7.
A criterion for lifting problems
In this section we recall a criterion of Ramakrishna [R2] and Taylor [T] for a lifting from a fixed residual Galois representation to a p-adic Galois representation. Let k be a finite field of characteristic p. Throughout this paper, we consider a continuous representationρ
Let S denote a finite set of places of K containing the places above p, the infinite places and the places at whichρ is ramified, and let K S denote the maximal algebraic extension of K unramified outside S. Thusρ factors through
Let A be the category of complete noetherian local rings (R, m R ) with residue field k where the morphisms are homomorphisms that induce the identity map on the residue field.
Fix a continuous homomorphism δ :
By a δ-lift (resp. δ| Gv -lift) ofρ (resp.ρ| Gv ) we mean a continuous representation ρ :
0ρ be the set of all trace zero two-by-two matrices over k with Galois action throughρ by conjugation.
, is locally admissible if it satisfies the following conditions:
(P2) The set of δ| Gv -lifts in C v to a fixed ring (R, m R ) ∈ A is closed under conjugation by elements of 1 + M 2 (m R ).
(P4) Suppose that (R 1 , ρ 1 ) and (R 2 , ρ 2 ) ∈ C v , and I 1 (resp. I 2 ) is an ideal of R 1 (resp. R 2 ) and that φ : R 1 /I 1 ∼ → R 2 /I 2 is an isomorphism such that φ (ρ 1 (mod I 1 )) = ρ 2 (mod I 2 ). Let R 3 be the fiber product of R 1 and
(P6) For (R, m R ) ∈ A, suppose that I is an ideal of R with m R I = (0). If (R/I, ρ) ∈ C v then there is a δ| Gv -liftρ ofρ| Gv to R such that (R,ρ) ∈ C v andρ (mod I) = ρ.
(P7) Suppose that ((R, m R ), ρ 1 ) and (R, ρ 2 ) are δ| Gv -lifts ofρ with (R, ρ 1 ) ∈ C v , and that I is an ideal of R with m R I = (0) and ρ 1 (mod I) = ρ 2 (mod I).
Remark 1. Note that we do regard C v as a functor from A to the category of sets.
Let S f be the subset of S consisting of finite places. Throughout this section,
0ρ , by Ad 0ρ (i) for i ∈ Z we denote the twist of Ad 0ρ by the ith tensor power ofχ p , and by Ad 0ρ * := Hom(Ad
(1) ∼ = Ad 0ρ * (1) as representations. By the Tate local duality this induces a perfect pairing
Definition 3. We define the Selmer group
(1)) to be the kernel of the map
Proposition 1. Keep the above notation and assumptions. If
Proof. By Theorem 4.50 of [H] we have the exact sequence
Consequently, we see that the map α is surjective and the map β is injective. Now we construct δ-lifts ρ n ofρ to W (k)/p n of type (C v ) v∈S f inductively. By the condition (P1), there is nothing to prove for n = 1. Assume that there is a δ-lift ρ n−1 ofρ to
n ) by injectivity of the map β. By surjectivity of the map α we may find a class
We define ρ n := (1 + φ)ρ. By the condition (P7) the representation ρ n is a
The induction is now complete. Then we have a δ-lift ofρ to W (k) of type (C v ) v∈S f by the condition (P5) and the proposition is proved.
Local lifting problems
For a place v of K, consider a continuous homomorphism
We denote by ε :
× the Teichmüller lift for any character ε : G v → k × and µ ∈ W (k) the Teichmüller lift for any element µ of k. Let χ p be the p-adic cyclotomic character.
In this section, for ramified places not dividing p and certain unramified places, we construct a good locally admissible pairs (C v , L v ) with the δ v := detρ v χ −1 p χ p , which will be used in Section 4. Let I v be the inertia subgroup of G v . We distinguish following three cases.
Case I
Supposeρ v is unramified and v ∤ p. Suppose that
and q v ≡ 1 mod p, where λ is an element of k × and s is a lift of the Frobenius automorphism in G v /I v and q v is the order of the residue field of K v . Note that any δ v -lift ofρ v factors through the Galois group Gal(K
is generated topologically by s and t with the relation sts −1 = t qv . We now define a homomorphism ρ v :
The images of s and t satisfy the relation sts 
where a, b, c ∈ k.
) by the composition f 1 •ρ v . The images of s and t satisfy the relation sts −1 = t qv . Let c 1 be the 1-cocycle corresponding to ρ 1 . The space L v is spanned by the class of c 1 . Thus we have dim k L v = 1.
(ii) The conditions (P1), (P2), (P3), (P6) and (P7) follow from the definition of (C v , L v ).
First we prove the condition (P4). Suppose that we have rings (
By conjugating ρ 1 by some lift of M 2 (mod I 2 ) to R 1 , we may assume that M 2 = 1. Since α 1 • ρ v (s) = α 2 • ρ v (s), the matrix
Next we prove the condition (P5). Suppose that we have a ring R ∈ A and a δ v -lift ρ ofρ v to R such that each ρ (mod m
n . We claim that there exist α ∈ Hom A (R v , R) and
is finite, S n is finite. For each n, S n is not empty set. Thus lim ← − n S n is not empty set, the condition (P5) is verified.
Case II
Supposeρ v is ramified and v ∤ p. In addition, supposeρ v (I v ) is of order prime to p. Define the functor C v : A → Sets by
Proof. This lemma follows from the definitions and the Schur-Zassenhaus theorem.
Case III
Supposeρ v is ramified and v ∤ p. In addition, suppose the order ofρ v (I v ) is divisible by p. By Lemma 3.1 of [G] , since p ≥ 7, we may assume thatρ v is given by the formρ
Proof. The proof of this lemma is almost identical argument as in [T, Section 1(E3) ].
Lifting theorem over arbitrary number fields
In this section, we give a generalization of Theorem 1 of [R1] to arbitrary number fields.
We define δ :
Throughout this section, we consider lifts of a fixed determinant δ and we always assume the following:
• The order of the image ofρ is divisible by p.
By the Schur-Zassenhaus theorem, if the order of the image ofρ is prime to p, we can find a lift to W (k) ofρ. Since p ≥ 7 and the order of the image ofρ is divisible by p, we see from Section 260 of [D] that the image ofρ is contained in the Borel subgroup of GL 2 (k) or the projective image ofρ is conjugate to either PGL 2 (F p r ) or PSL 2 (F p r ) for some r ∈ Z >0 . In the Borel case, by Theorem 2 of [K] we have a lift ofρ to W (k). Thus we may assume that the projective image ofρ is equal to PSL 2 (F p r ) or PGL 2 (F p r ). Then, by Lemma 17 of [R1] , Ad 0ρ is an irreducible G K,S -module. (Note that one may replace the assumption that the image ofρ contains SL 2 (k) in [R1] with the assumption that the projective image ofρ contains PSL 2 (F p ) without affecting the proof.) The irreducibility of Ad 0ρ implies that of Ad 0ρ (1). Let K(Ad 0ρ ) be the fixed field of Ker(Ad
Lemma 4. We have
Proof. First we prove that H 1 (Gal(E/K), Ad 0ρ ) = 0. It suffices to show that H 1 (SL 2 (F p r ), Ad 0ρ ) = 0 and H 1 (GL 2 (F p r ), Ad 0ρ ) = 0, where GL 2 (F p r ) and SL 2 (F p r ) act on Ad 0ρ by conjugation. By Lemma 2.48 of [DDT] , we see
We apply the inflation-restriction sequence to Gal(E/K) and its normal subgroup Gal(E/K(Ad 0ρ )). Since Gal(K S /E) fixes Ad 0ρ (1) we see Ad 0ρ (1)
. We get the exact sequence
The last term is trivial as Gal(E/K(Ad 0ρ )) has order prime to p. As Gal(K S /K(Ad 0ρ )) acts trivially on Ad 0ρ we see the action of Gal(
which is nontrivial, so Ad 0ρ (1)
)) = 0. Thus the left term in the sequence is trivial, so
Note that PSL 2 (F p r ) has no non-trivial abelian quotients. If the projective image ofρ is PSL 2 (F p r ) for some r ∈ Z >0 , then Gal(E/K) has no non-trivial abelian quotients. This contradicts the assumption that [K(µ p 
Hence, we assume that the projective image ofρ is PGL 2 (F p r ) for some r ∈ Z >0 . Since the index of PSL 2 (F p r ) in PGL 2 (F p r ) is equal to the index of
Since Ad 0ρ (1) is isomorphic to Ad 0ρ as a Gal(E/K(µ p ))-module and the cohomology group H 1 (Gal(E/K(µ p )), Ad 0ρ ) is zero, the proof is complete.
which is locally admissible is given for each v ∈ S f and each elements φ ∈ H
not zero, then we can find a prime w ∈ S and a locally admissible pair
Proof. Note that Lemma 4 implies that the restrictions of the cocycles ψ and φ are non-zero homomorphisms φ : Gal(K S /E) → Ad 0ρ (1) and ψ : Gal(K S /E) → Ad 0ρ . Let E φ and E ψ be the fixed fields of the respective kernels. Then, Gal(E φ /E) → Ad 0ρ (1) and Gal(E ψ /E) → Ad 0ρ are injective homomorphisms of F p [G K,S ]-modules. Since Ad 0ρ is irreducible G K,S -module, these morphisms are bijective, and we see
are surjective. Since PSL 2 (F p r ) has no non-trivial abelian quotients, the image of the morphism ρ × χ p :
ρ is the projective image ofρ and χ p is the mod p cyclotomic character of G K,S . Thus there is an element σ ∈ Gal(E/K) such that χ p (σ) = 1 andρ(σ) = λ λ 0 λ , for some element λ ∈ k × . We denote by σ a lift to
Let L be the subset of Ad 0ρ whose elements have the form * * 0 * and let L ′ be the subset of Ad 0ρ (1) whose elements have the form * * 0 * . Since L and L ′ are two-dimensional, there exists τ ∈ Gal(E φ E ψ /E) such that ψ(τ ) ∈ −ψ( σ) + L and φ(τ ) ∈ −φ( σ) + L ′ . By theČebotarev density theorem, we can choose a place w ∈ S which is unramified in E φ E ψ /K such that Frob w = τ σ. Take C w and L w as in Case I. By Lemma 1 of this paper and Lemma 4.8 of [BK] , it follows that (w, C w , L w ) has the desired properties. (Note that one may replace function fields in [BK] with number fields without affecting the proof.) Lemma 6. Suppose that one is given locally admissible pairs (C v 
Then we can find a finite set of places T ⊃ S and locally admissible pairs (C v , L v ) v∈T S such that
(1)) = 0.
Proof. Suppose that 0 = φ ∈ H Thus we can find a place w ∈ S and a locally admissible pair (C w , L w ) such that and thus we obtain
